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heritability (h*> = 0.25; fig. 1A) may reflect depleted ge-
netic variation due to selection and drift (these populations
plummeted to low numbers; see fig. 2A). Where results
differ among models, the deterministic methods all tend
to evolve faster than the IBM, especially those based on
Gaussian assumptions with fixed variances. Phenotypic
variances from the IBM showed an initial increase followed
by a significant decrease as selection removed genetic var-
iation (see fig. 3). Thus, methods based on fixed variances
would naturally be expected to evolve faster than the IBM.
The JPDF method does not assume fixed variances and so
can model variance depletion by selection; its evolution
slows in a pattern similar to that of the IBM, although not
quite as much. (Note that the JPDF accounts for non-
normal distributions but not processes such as drift.)
Figure 2 shows corresponding trajectories for total
abundance. It is intriguing that while Lande’s equation

Figure 2: Population dynamics for the four models of Trillium evo-
lution, assuming an initial population of 5,000. Same notation and
parameters as in figure 1. Geometric mean population size was used
for the IBM (individual-based model). Note the logarithmic ordinate
scale. A, i* = 0.25 and 0.5. B, i* = 0.75 and 1. JPDF = joint prob-
ability density function.

Figure 3: Stage-specific phenotypic means and variances for flow-
ering time in stages 1, 3, 5, and 6 (indicated by the key) from the
IBM (individual-based model) for #* = 0.5 (averages over 100 runs).
For clarity, values have been smoothed using a 5-year moving average,
and stages 2 (similar to stage 1) and 4 (similar to 5) have been
omitted. The bold lines are for stage 6.

gives faster evolution than the other methods, it also pre-
dicts deeper declines in population. As far as population
size projection is concerned, the Gaussian approximation
is expected to be very similar to Lande’s equation: both
use a transition matrix with each element averaged over
an assumed normal phenotypic distribution. The differ-
ence is that Lande’s equation (as we have applied it) pro-
jects population size using the dominant eigenvalue of the
average transition matrix, whereas the Gaussian method
tracks abundance of each stage separately. That is, our
implementation of Lande’s equation assumes a stable stage
distribution each generation, whereas the Gaussian
method does not. For this example, deviations from the
SSD or from the normal approximations that emerge as
selection takes place do not seem to have a strong quan-
titative effect on the rate of evolution or changes in pop-
ulation size. Taken together, these results support the va-
lidity and accuracy of our general JPDF modeling
framework (indeed, the dynamics it predicted are almost
identical to those in the IBM) and show that for this sys-
tem, simpler approximations that assume normality work
reasonably well.

Only the overall average flowering time is shown in
figure 1, but the JPDF, Gaussian, and IBM methods also
describe evolution of mean flowering time for each stage.
These stage-specific evolutionary trajectories share the
same general shape as the overall average (cf. figs. 1, 3),
with some stages consistently higher (stages 1, 2, and 6),
some lower (stages 4 and 5), and one about the same (stage
3) as the average. That pattern remains throughout, with
the curves slowly converging with time (fig. 3). This con-



vergence is probably due in part to the fact that over time,
more individuals flower late enough to completely avoid
browsing and, thus, avoid further selection. For the IBM,
there is also a reduction of genetic variance, which is
greatest for the reproductive stage (stage 6; bold lines in
fig. 3) targeted by selection. Therefore, this stage evolves
somewhat slower than do the others, and since its phe-
notype is higher than average, this contributes to the slow
convergence.

The JPDF method allows one to project evolution of
the entire probability density function for the flowering-
time phenotype, including evolved departures from nor-
mality. In this example, the initial distribution was Gauss-
ian and, as the population evolved, the flowering-time
distribution became right skewed (fig. 4). Notice too the
kink that evolves in the distribution function at 12.23 days
(the zero-browsing threshold). It is impossible to predict
the evolution of such detailed features using the Gaussian
approximation or Lande’s theorem for stage-classified
populations.

Application to a Conceptual Question

The Trillium example demonstrates the practicality and
versatility of both our general and approximate modeling
frameworks for predicting the joint evolution and popu-
lation dynamics of real-world stage-structured popula-
tions. Our methods can also be used to develop conceptual
insights related to stage structure per se, as we illustrate
now.

The basic question we consider is how does repeating
a stage affect adaptation rates? For simplicity and clarity,
we examine this issue by applying our extension of Lande’s
theorem (eq. [8]) to a simple system, consisting of a pair
of populations with different two-stage life histories. One
might, for instance, imagine desert plants with two classes:
seed and adult. One population is age structured, with
juveniles that mature into adults in a year (or die), and
adults that produce offspring and then die. The other pop-
ulation is identical, except that individuals can stay in the
juvenile stage for multiple years (e.g., a desert plant might
have a seed bank with long-lived seeds and delayed ger-
mination; a similar analysis could allow individuals to re-
main as adults for multiple years). For both populations,
fu = fu = f, = ti, = t,, = 0, and the Lefkovitch ma-
trix A contains elements a,, = f,,, @, = fi @ = b, and
a,, = 0. We focus on the evolution of a simple quantitative
trait z with mean z that may affect one or more of these
vital rates. (All derivations are provided in app. C in the
online edition of the American Naturalist.)

Consider first the age-structured population (f,, = 0,
making A a Leslie matrix). In this case, the asymptotic
growth rate of the population is \,,. = (fi,5,,)"”. The rate
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Figure 4: Probability density functions of the phenotype for the joint
probability density function model for #* = 1 at 0, 200, 400, 600,
and 800 years (from left to right).

of adaptive evolution in this population, as derived in
appendix C (eq. [C6]), is

_ 1( . dint dnf,
Az, =-|G 1+ G =
G T o\ T 24z,

(10)

The notation d/dz; indicates the derivative with respect to
z is evaluated at z,

Compare these rates for an age-structured population
to those of a stage-structured population for which the
first stage can be repeated (f,, > 0). The stage-structured
population grows asymptotically at rate N\, = [f, +
(£, + 4f,t,,)"*]/2 and, as derived in appendix C (eq. [C8]),
evolves at rate
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Observe that )_\stage > )_\age, which means the stage-struc-
tured population will grow faster than a comparable age-
structured one (because of increased juvenile survival). It
also implies that the factor in front of the parentheses is
less than 1.

If the focal trait z has no effect on the probability of
repeating the first stage, then df, /dz, = 0 and the first
term inside the parentheses of equation (11) is 0. Since
the leading factor is positive and less than 1, allowing
retention in the first stage slows the rate of evolution with-
out changing its direction compared with the rate in an
age-structured population, all else being equal. (If we in-
clude #, but reduce the maturation rate t,, by an equal
amount [so stage 1 survival stays the same], then the same
framework shows that evolution is still slowed [as is pop-
ulation growth] when dt, /dz, = 0.)
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If the focal trait does influence the probability a stage
1 individual survives and remains in that stage from one
time step to the next (i.e., dInt,/dz, # 0), then equation
(11) shows that repetition of the first stage could accelerate,
slow, or even reverse the direction of evolution relative to
the comparable age-structured population. Stage- and age-
structured populations would have opposite evolutionary
directions if the magnitude of d1n ¢, /dz, were large enough
and its sign opposite to that of Az, the direction of
evolution in the age-structured population. Biologically,
such a reversal might occur for a trait z, such as seed coat
thickness, which might tend to be reduced if there is no
seed bank but would be increased in a species with a seed
bank if thicker coats give much higher seed survival. A
similar analysis could be used to analyze the impacts of
repeating the second stage. This could be relevant, for
instance, to a plant with a perennial adult class but seeds
that either germinate and become adults or die at each
time step.

Price’s Theorem

In this section we show how evolution in stage-structured
populations can be related to a simple, universal law of
evolution, Price’s theorem (Price 1970), which provides a
general statement about any evolutionary system—in-
cluding a stage-structured one. Originally, Price’s equation
was applied mainly to the levels-of-selection issue (e.g.,
Frank 1998; see Leigh 2010 for an overview), but it has
recently begun to be applied to a wide range of evolu-
tionary and ecological issues, including evolutionary ep-
idemiology (Day and Gandon 2006) and even community
and ecosystem ecology (e.g., Fox and Harpole 2008). Coul-
son and Tuljapurkar (2008) developed an age-structured
Price equation, which has been used to draw interesting
insights about stasis and change in body size of the red
deer of Rhum (Coulson and Tuljapurkar 2008), the Soay
sheep of St. Kilda (Ozgul et al. 2009), and yellow-bellied
marmots in Colorado (Ozgul et al. 2010).

Here, we briefly remind the reader of Price’s theorem
for a univariate trait in an unstructured population and
then show how one can write a Price equation for a stage-
structured population. To complement this derivation, we
show in appendix D in the online edition of the American
Naturalist how a Price equation can be derived directly
from the recursions of the general joint PDF method (eqq.
[3], [4]). This alternative derivation could be useful for
instance in examining complicated mating systems and
selection regimes.

Price’s equation for the change in a univariate trait over
a single time step is (e.g., Rice 2004)

Cov(z,w) Cov(d,w)

Az = +

w w

+d,

12)

where z is the phenotype of a “parent,” w is the number
of its “offspring,” d is the average deviation of its off-
spring’s phenotypes from its own, and z, w, and d are the
respective averages of z, w, and d over all parents. Note
that “parent” and “offspring” can be broadly defined such
that an individual is treated as an offspring of itself. The
deviation d can have a genetic basis or result from phe-
notypic plasticity or other factors such as maternal effects.

We obtain a stage-structured version of Price’s equation
by applying the law of total covariance (a straightforward
extension of the law of total variance or the conditional
variance formula; e.g., Weiss 2005) to equation (12):
Cov (X, Y) = Cov[E(X|V), E(Y|V)] + E[Cov (X, Y|V)],
where X and Y are random variables and V is a given
condition. Applying this law to the covariance terms in
equation (12) and conditioning on stage directly yields the
general (univariate) stage-structured form of Price’s equa-
tion:

Covl(z, w) Cov(c_ij, Wj) E [CO\g(z, w)]
AZ = + +

w w w
+ E[Cov, (d, w)]
w

13)

+E(d),

where Cov; (z, w) is the covariance between parental phe-
notype z and fitness w in stage j, Cov;(d, w) is the co-
variance between d and w for parents in stage j, and z,
w, and d; are the respective averages of z, w, and d over
all parents in stage j. Unsubscripted operators Cov and E
are computed over stages. Here, we define parent and
offspring to include the results of direct transitions as well
as actual births (so if an individual changes from stage j
to stage i, it is treated as a stage j individual giving rise to
an offspring in stage i). It can be shown that Coulson and
Tuljapurkar’s (2008) age-structured version of Price’s
equation is a special case of equation (13), as is Taylor’s
(1990) stage-structured formulation for allele frequency
evolution. Unlike the latter, equation (13) holds regardless
of whether a population has reached a stable stage distri-
bution. Like Price’s original equation (12), equation (13)
is easily extended to multivariate traits (see Rice 2004).
The first two components of equation (13) reflect
changes in z due to differences among stages. Indeed, the
mean phenotype can change from one year to the next
even if all individuals within a stage are identical (so that
the third and fourth terms of eq. [13] are 0) and there is
no average tendency for offspring phenotypes to differ
from their parents (E(d;) = 0). By comparison, the third
and fourth components of equation (13) describe changes



in z due to variability within stages. Note that
Cov;, (z, w) /w is the selection differential (Robertson 1966)
for z in stage j, which is nonzero if trait and fitness are
correlated within that stage. The third term of equation
(13) is thus the average selection differential over all stages.
The fourth term is similar but reflects the relationship
between fitness and parent-offspring phenotype difference.
For example, this component would be positive if a parent
who produces more offspring also tends to have offspring
that have phenotypic values larger than its own.

Equation (13) makes no assumptions about the cause—
genetic, environmental, or epigenetic—of any parent-off-
spring phenotype difference d. Such differences could arise
in Trillium if (for instance) there is a directional change
in the environment (e.g., warming temperature) and flow-
ering time is a plastic trait responsive to temperature. The
second, fourth, and fifth components of equation (13)
then account for the among-stage, within-stage, and over-
all impacts of this plastic response on change in the mean
phenotype. Some stages could experience greater plasticity
than others (second term), there could be more variance
in the magnitude of such plastic responses among indi-
viduals within stages (fourth term), or the plastic response
could manifest at the level of the entire population (fifth
term).

Discussion

Our results provide three important advances for evolu-
tionary biology. The first is a general set of modeling tools
for prediction of joint evolution and demography of stage-
structured populations. Such a framework has not been
available, and its establishment completes the tool set
available for understanding evolution in stage-structured
populations, which previously contained only methods
specialized for populations structured by age (e.g., Charles-
worth 1994). Our next advance is the first rigorous veri-
fication that Lande’s theorem applies to stage-classified
populations. Our derivation shows that this simple equa-
tion applies to any structured population, assuming only
multivariate normality and evolution that is slow relative
to population dynamics. Our third major result is ex-
tending a fundamental law of evolution—Price’s theo-
rem—to stage-structured populations.

Our general framework extends Taylor’s earlier treat-
ment of models of allele frequency change in stage-struc-
tured populations (Taylor 1990) by allowing standing var-
iation and populations that have not reached a stable stage
distribution. Our model can be used to predict the evo-
lution of quantitative traits and, through use of indicator
variables, allele or genotype frequencies. It can also be used
to project the evolution of trait moments and distributions
for an entire population or individual stages, providing
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null expectations for hypothesis testing in empirical
systems.

There was good reason to doubt that Lande’s theorem
would hold in general for stage-structured populations,
and Caswell (1989; see also Caswell 2001, p. 284) hy-
pothesized that it might apply only to stage-structured
models with the same general flow of individuals as an
age-structured model. Our analysis shows that given nor-
mality and slow evolution, Lande’s theorem applies to any
stage-structured population, even if offspring are born into
more than one class or individuals can repeat a stage or
regress to a previous one, or there are differences among
stages in trait means or variances. Assuming normality
may seem problematic, because even if a population is at
an SSD and phenotypes and breeding values initially have
a joint normal distribution, the mixing of survivors from
different stages tends to destroy normality. Our Trillium
example shows that Lande’s equation approximates pro-
jections assuming Gaussian distributions but does deviate
somewhat from the general model (which closely agrees
with our individual-based simulations). Nevertheless,
Lande’s formulation provides a quite reasonable descrip-
tion of this population’s evolution. Our result extends the
domain of life histories over which this illuminating de-
scription of evolution should be applicable.

Our formulation of Price’s theorem shows how stage-
classified evolution can be placed within this broad evo-
lutionary principle and provides a relatively compact equa-
tion (13) that can be used as an alternative to our general
modeling framework to project evolution of phenotypic
means, variances, and other moments (e.g., Rice 2004).
This may be useful in systematic comparisons among
stage-structured taxa differing in life histories and patterns
of inheritance. Some might find it easier to incorporate
complications like nonrandom mating, phenotypic plas-
ticity, temporal variability, and even density dependence
using Price’s equation (13) than with our general for-
mulation (eqq. [3] and [4]).

While the vital rates of almost all organisms are stage
dependent, evolutionary biologists have until now lacked
a general theoretical framework within which to organize
stage-classified demographic data and analyze the impli-
cations of stage structure for evolution. Our results com-
plete such a framework and provide relatively accessible
formulas that can be used to understand evolutionary pasts
and predict evolutionary futures of stage-structured
populations.
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APPENDIX A

General Framework for Modeling Evolution of a
Stage-Structured Population

This appendix provides details behind the general equation
(4) for projecting the evolutionary dynamics of a stage-
structured population. We use the definitions and as-
sumptions described in the main text and find an equation
for p/(g, z), the joint probability density function (PDF)
of genotypic and phenotypic values in stage i in the next
year, as a function of the PDF in the current year,
p{g z). The distribution in the next year is due to a mix-
ture of current individuals who directly transition from
all stages to stage i (including those that remain in stage
i) and any new offspring recruiting into that stage. The
joint PDF of individuals that transition to stage 7 from j
is given by t,(2)p;(g, z)/t;. The PDF of all individuals that
transition to stage i is the weighted average of these dis-
tributions, with each weight equal to the fraction of all
individuals transitioning to stage i that come from stage

I

t. (g, t.N.
oig ) = X LB L
j ij i

(A1)

1
T EJ: Nit;(2)p;(g, 2).

The next step is to find the joint PDF among newborns
in stage i. Consider the distribution of g among parents
of offspring born into stage i:

d.(g) = ,
(g) : 7 F

(A2)

SN, J f(py(g 2)de.

Let R(g|g’,g") be the probability that parents with ge-
notypes g and g’ produce an offspring with genotype g.
Assuming the population is either monoecious or without

sex differences, and that parents mate at random, then the
genotypic distribution among offspring in stage i is

w;(g) = f f R(g|g’ g") (g )d(g")dgdg". (A3)

(Though we do not do so here, one could employ the
formalism of Barton and Turelli [1991; see also Kirkpatrick
et al. 2002] in place of equation [A3] to allow practically
any genetic basis or even nonrandom mating.)

A special case of interest is the infinitesimal model of
inheritance (Fisher 1918; Bulmer 1971). With this model,
the (multivariate) breeding value of an offspring is the
average of the breeding values of its two parents plus a
zero-mean normal random variable with covariance ma-
trix V;—the additive-genetic covariance matrix among
the m characters at linkage equilibrium. In this case, the
offspring genotype PDF is given by

@lg) = (Ad)
g g 1 1
N R
2l ) 2w det (v, 2°

where the asterisks indicates convolution. The arguments
of the parents’ PDFs are halved because parental genotypes
are averaged.

The phenotype of the offspring is the sum of the ge-
notype and a zero-mean random variable representing the
nonadditive genetic and environmental components of
phenotype. The joint PDF of the offspring, ¢(g,z), can
be found from the genetic distribution, w,(g), using the
fact that the joint probability of two outcomes is the prod-
uct of the probability of the first outcome (genotype) and
the probability of the second outcome (phenotype) given
the first:

¢.(8 2) = w(g)v.(z|g), (A5)

where 7,(z|g) is the PDF of the phenotype given the ge-
notype for newborns, which is the PDF of the nonadditive
genetic plus the environmental component of the phe-
notype evaluated at z — g. If this component has a mul-
tivariate normal distribution, then

v(zlg) = (A6)

1
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where V; is the covariance matrix for the environmental
component of the phenotype.

Returning to the general derivation, the last step in de-
riving the new joint distribution of genotypes and phe-
notypes in stage i is to average the contributions of existing



individuals that transition into the stage with those of
individuals that are newborn into that stage. Weighting by
the relative contributions of those two sources shows, fi-
nally, that the joint PDF for the genotypes and phenotypes
found in stage 7 in the next year is

/ /

F,
! = 0. L4 b i
pl(g’ Z) et(g’ Z) I\I‘-/ ¢;(g) Z) N, >

i

(A7)

which is equation (4) in the main text.

APPENDIX B

Lande’s Theorem for Stage-Structured Populations

We prove here that Lande’s equation, Az = GV In \, ap-
plies to random mating stage-structured populations un-
der assumptions comparable to those used in the deri-
vation for age-structured populations (Lande 1982b). To
that end, it will be convenient to put equations (5) and
(6) in the form of a matrix equation. Let the vector of
phenotypes and genotypes be x, = ({, %), where { =
{z} and ¥ = {g}, and let the vector of selection terms be
B=(B.8), where B =ibj, B =(b) b,=
2,¢;GV;Ina; and b, = X, ¢;(PV;t; + GV, f) (su-
perscript T denotes the transpose). Also, define matrices
of contributions of each stage to every other stage: C =
{¢;}, C' = {c}}, and €' = {c}}, and combine these into a
single matrix:
<= (

The matrices C, C', C, and K contain only nonnegative
numbers, and C = C'+ C. Under our assumptions, C is
primitive (i.e., all the elements of the matrix power C* are
positive for some integer k> 0) and row stochastic (ie.,
each row of C sums to 1). The matrix K is likewise row
stochastic but is “reducible” because of the lower-left sub-
matrix 0 that it contains. (Interested readers may consult
Caswell [2001] and Meyer [2000] for more information
about the matrix terminology, definitions, and results used
in this appendix.) Using this notation, the recursions for
evolution assuming normality, equations (5) and (6), can
be written as the linear recursion

(o} Cf)

0 C (B

x,., = Kx, + 8. (B2)

To solve this equation, we need to assume that evolu-
tionary dynamics are much slower than population dy-
namics. Also assume the population dynamics are density
independent and described by the Lefkovitch matrix A
with elements a; the average values of the a; over the
phenotypic distribution. Since evolution is slow, A (and
B) are nearly constant and the population maintains a

stable-stage distribution (SSD; Caswell 2001). At SSD, all
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stages grow geometrically at the same rate, so N/ = AN,
where X is the eigenvalue of largest magnitude of A. Let
w = {w} and v = {v} be the respective right and left ei-
genvectors of A corresponding to A. The elements of w
sum to 1 and give the proportions in each stage at the
SSD, and v (which contains reproductive values) is scaled
so that viw = 1. At SSD, the coefficients Cip Cip and c,fj
take on constant values: ¢; = Na,/N; = N 'a;N,/N, =
N"'a,w,/w; and similarly for ¢/ and c/.

With these assumptions, direct iteration of equation
(B2) gives

7—1
x. = K'x, + 2, KB, (B3)
i=0
so the rate of evolution at time 7 is
Ax, =x,,, —x, =K|[K-Dx,+8]. (B4

We need the following result for the reducible, stochastic
matrix K (Meyer 2000, p. 698):

-1 (14T
lim K" = 8 (X Cl)rTC” , (B5)

with I being the identity matrix, 1 a vector of all 1s, and
r = {r} the left eigenvector of C, corresponding to its
leading eigenvalue normalized so that r'1 = 1. (Since C
is row stochastic, its leading eigenvalue is 1, with a cor-
responding right eigenvector of 1.) Now observe that, since
K is row stochastic, C'1+ C1 = 1. Thus C1 = (I —
C)1, which implies (I —C")'C1 = 1. (D. Watkins
pointed out this latter result to us.) So, in fact,

. S N 6 IR
lim .. K —( 0 er) K. (B6)
Combining equations (B4) and (B6),
lim,.. Ax, = K[(K — Dx, + 8] (B7)

!

The second equality follows from the fact that K(K - 1)
is a matrix of zeros because r'C = r' by definition of r:
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